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Abstract: We apply the procedure that was suggested in [arXiv:0806.1639] to the case
of abelian D2-brane Dirac-Born-Infeld effective action and discuss its limitation. Then we
suggest an alternative form of this procedure that is based on an existence of interpolating
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1. Introduction
It was proposed by Bagger and Lambert in collection of very nice papers [1, 2, 3] and
independently by Gustavsson in [4] 1 following earlier works [5, 6] that a certain class of
N = 8 super-conformal theories in three dimensions are potential candidates for the world-
volume description of multiple M2-branes in M-theory. These constructions are based on
introducing of an algebraic structure known as Lie 3-algebra that is needed for closure of
supersymmetry algebra. The metric versions of the above theories fall into two classes that
depend on whether the invariant bilinear form in 3-algebra space is positive definite or
indefinite. The original theories proposed by Bagger-Lambert are Euclidean theories with
positive definite bilinear form while more recent proposals [24, 25] contain bilinear form
that is indefinite and these Lie 3-algebras are known as Lorentzian 3-algebras.
It was claimed that the Lorentzian 3-algebra theories capture the low-energy world-
volume dynamics of multiple parallel M2-branes. This model has the required classical
symmetries, but has several unresolved problems. In particular, the classical theory has
ghosts, X±. Moreover, the ghost-free formulation seems directly equivalent to the non-
conformal D2-brane theory as was argued in [39, 42, 46]. Explicitly, it was shown very
clearly in [46] how it is possible-starting from N = 8 SYM- systematically and uniquely
recovery the theory [39, 42].
Since the analysis presented in [46] is very nice and interesting it certainly deserves
further study. In fact, since 2+1 dim N = 8 SYM theory describes low-energy dynamics of
N D2-branes one can ask the question whether it is possible to extend this analysis [46] 2
1For related works, see [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 46, 47, 48, 49, 50, 51, 56, 57, 59, 61, 67, 68, 70, 75, 76, 77,
79, 80, 78, 81, 82, 83, 87, 89, 90, 91, 100, 101, 103]. For study of supergravity duals of these theories, see
[43, 44, 45, 52, 53, 54, 55, 58, 60, 62, 63, 64, 65, 66, 69, 71, 72, 73, 74, 84, 85, 86, 88, 102].
2In what follows we call this analysis as EMP procedure.
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when we take non-linear corrections into account. As the first step in this direction we try
to apply EMP procedure to the case of single Dirac-Born-Infeld (DBI) action for D2-brane.
We start our analysis with the remarkable form of 2 + 1 dimensional action that was
proposed long ago in [92, 93]. This action is an interpolating action that-after appropri-
ate integration of some world-volume fields-either describes D2-brane DBI effective action
in massive Type IIA supergravity or the directly dimensional reduced gauged M2-brane
action. We show that in linearized level this action is equivalent to the abelian form of
the action given in [46] and hence can be considered as the starting point for non-linear
generalization of EMP procedure. On the other hand we argue that naive application of
EMP procedure in this action leads to a puzzle. Explicitly, we argue that there is a unique
ground state of this new action with infinite coupling constant. This is different from we
would expect since M2 to D2-reduction is based on a presumption that the vacuum expec-
tation value of 〈X+〉 can take arbitrary constant value. Equivalently, we would expect an
infinite number of ground states that differ by vacuum expectation values of X+.
In order to resolve this problem we suggest that the natural object for the definition of
non-linear EMP procedure is gauged M2-brane action. More precisely, it is well known that
in the case of IIA supergravity it is possible to introduce non-zero cosmological constant
proportional to m2 with m a mass parameter [94]. Such backgrounds are essential for the
existence of D8-branes whose charge is proportional to m [95]. The action for massive
11-dimensional theory has the same contain as the massless one 3
gˆMN , CˆMNK , M,N,K = 0, . . . , 11 . (1.1)
The action for these fields is manifestly 11-dimensional Lorentz covariant but it does not
correspond to a proper 11-dimensional theory because, in order to write down the action,
we need to introduce an auxiliary non-dynamic vector field kˆM such that the Lie derivatives
of the metric and 3-form potential with respect to it are zero:
LkˆgˆMN = 0 , LkˆCˆMNL = 0 . (1.2)
An existence of this Killing vector is crucial for definition of massive M2-brane. In fact, the
world-volume theory of massive branes 4 was extensively studied in the past, for example
[96, 97, 98, 99]. These actions have as a common characteristic that they are gauged sigma
models. The gauged isometry is the same as an isometry that is needed in order to define
the massive 11-dimensional supergravity theory. For example, the original un-gauged M2-
brane action is the same object as in the massless theory, i.e. the corresponding massless
M2-brane.
Let us again return to generalized EMP procedure. We argue that it can be naturally
applied for gauged M2-brane action. As opposite to the original EMP procedure, where
3We use the following notation for the hats. Hats on target space fields indicate that they are 11-
dimensional.
4These branes-that propagate in the background with non-zero cosmological constant-are called as ”mas-
sive branes” as opposed to branes that propagate in a background with zero mass parameter. It is clear
that all these branes are massive in the sense that their physical mass is nonzero.
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the Yang-Mills coupling constant vector gIY M is replaced with a dynamical field X
I
+ we
replace the constant Killing vector kˆM with dynamical field XˆM+ . Then we can easily find
manifestly covariant form of the generalized action with infinite number of ground states
that differ by vacuum expectation values of XˆM+ .
It is remarkable that the gauged isometry that appears in massive M2-brane action
is related to the gauge symmetry introduced in [46]. We hope that this observation will
allow to find new geometrical interpretations of gauge symmetries that were introduced in
[39, 42, 46].
The organization of this paper is as follows. In the next section (2) we introduce the
interpolating D2-brane action and we argue that after appropriate redefinition of world-
volume fields it agrees with the abelian version of D2-brane action introduced in [46]. In
section (3) we apply EMP prescription for gauged M2-brane action and we find covariant
and non-linear version of M2-brane action that has all desired properties. In conclusion (4)
we outline our results and suggest possible extension of our work. Finally, in Appendix A
we explicitly show that the dimensional reduction in gauged M2-brane action leads to the
interpolating action introduced in section (2).
2. D2-Brane Action
We start with the action that was proposed in [92, 93]
S[Xm,X, Vµ , Bµ] =
= −τM2
∫
d3ξe−Φ
√
− det[gµν + e2ΦFµFν ] +
+
τM2
3!
∫
d3ξǫµνρ[C(3)µνρ + 6πα
′DµXFνρ + 6m(πα′)2Vµ∂νVρ] ,
(2.1)
where
Fµ = DµX + C
(1)
µ ,
DµX = ∂µX +Bµ ,
Fµν = ∂µVν − ∂νVµ − 1
2πα′
bµν
(2.2)
and where
gµν = ∂µX
m∂νX
ngmn , bµν = bmn∂µX
m∂νX
n ,
C(3)µνρ = Cmnk∂µX
m∂νX
n∂ρX
k , C(1)µ = C
(1)
m ∂µX
m ,
(2.3)
where gmn, bmn are space-time metric and NS two form field respectively and whereC
(3)
mnk, C
(1)
m
are Ramond-Ramond three and one forms respectively. Further, Xm ,m, n = 0, . . . , 9 are
– 3 –
world-volume modes that describe embedding of D2-brane in the target space-time. Finally,
τM2 is D2-brane tension defined as τM2 =
1
l3s
.
The action (2.1) contains extra fields as opposite to usual DBI action for D2-brane.
Firstly, if we integrate out Bµ we obtain
− e
Φ√−ggµνFν√
1 + e2ΦgµνFµFν
+ πα′ǫµνρFνρ = 0 , (2.4)
where we used the fact that√
− det[gµν + e2ΦFµFν ] =
√
− det g
√
1 + e2ΦgµνFµFν . (2.5)
Then if we insert (2.4) into (2.1) we obtain an action in the form
S = −τM2
∫
d3ξe−Φ
√
− det[gµν + 2πα′Fµν ] +
+
τM2
3!
∫
d3ξǫµνρ(C(3)µνρ − 6πα′C(1)µ Fνρ + 6m(πα′)2Vµ∂νVρ)
(2.6)
that is standard form of D2-brane in massive Type IIA background and that reduces to
the massless Type IIA background when m = 0.
In order to see that the action (2.6) is related to abelian reduction of the action given
in [46] we take following background:
gmn = ηmn , Φ = Φ0 = const , C
(1)
m = C
(3)
mnk = 0 . (2.7)
Further, let us impose static gauge
Xµ = ξµ , µ = 0, 1, 2 (2.8)
so that
gµν = ηµν + δij∂µX
i∂νX
j , i, j = 3, . . . , 9 . (2.9)
Then in the quadratic approximation the action (2.6) takes the form
S[Xm,X, Vµ, Bµ] = −τM2
∫
d3ξe−Φ0
√−η − τM2
∫
d3ξ
√−η[1
2
e−Φ0ηµνδij∂µX
i∂νX
j +
+
eΦ0
2
ηµνFµFν ] +
∫
d3ξǫµνρ(πα′τM2)DµXFνρ .
(2.10)
As the next step we introduce the gauge theory coupling constant through the standard
relations
e−Φ0 l4sτM2 =
1
g2YM
,
(
τM2 =
1
l3s
, 2πα′ = ls
)
(2.11)
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so that after rescaling
√
τM2e
Φ0/2X = X˜ ,
√
τM2e
−Φ0/2Xi = X˜i ,
1
l
5/2
s
Bµ = B˜µ , l
3/2
s Fµν = F˜µν (2.12)
the action (2.10) takes the form
S[X˜m, X˜, V˜µ, B˜] = − 1
g2YM l
2
s
∫
d3ξ
√−η −
∫
d3ξ
√−η[1
2
ηµνδij∂µX˜
i∂νX˜
j +
+
1
2
ηµν(∂µX˜ + gYM B˜µ)(∂νX˜ + gYM B˜ν)] +
+
∫
d3ξǫµνρ[
1
2
B˜µFνρ + 1
2l
3/2
s gYM
∂µX˜F˜νρ]
(2.13)
that has the same form as the abelian form of the action given in [46] 5. Motivated by this
result we perform the rescaling (2.12) in the action (2.6) and we obtain
S[X˜m, X˜, V˜µ, B˜µ] = −
∫
d3ξ
√
− detAµν +
∫
d3ξǫµνρ
1
2
B˜µF˜νρ ,
Aµν =
1
l
8/3
s g
4/3
YM
ηµν + g
2/3
YM l
4/3
s ∂µX˜
i∂νX˜
jδij +
+ l4/3s g
2/3
YM (∂µX˜ + gYM B˜µ)(∂νX˜ + gYM B˜ν) ,
(2.14)
where we ignored term that contributes to the action as total derivative. Now we are
ready to apply EMP procedure for (2.14). We introduce 8-dimensional vector gIY M as
gIY M = (
7︷ ︸︸ ︷
0, . . . , 0, gYM ), I = 1, . . . , 8, and ”covariant derivative D˜”
D˜µX˜
i = ∂µX˜
i + giY M B˜µ , D˜µX˜ = ∂µX˜ + gYM B˜µ . (2.15)
Further, we rewrite g2YM in manifest SO(8) covariant manner as g
2
YM = g
I
Y Mg
J
Y MδIJ =
|gY M |2 and then we replace vector gIY M with dynamical field XI+ so that the action (2.14)
takes the form
S [X˜I , X˜I+, V˜µ, B˜µ, C
µ
I ] =
= −
∫
d3ξ
(√− detAµν + ǫµνρ 1
2
B˜µF˜νρ + CµI ∂µX˜I+
)
,
Aµν =
1
l
8/3
s (XI+X
J
+δIJ)
2/3
ηµν + (X
I
+X
J
+δIJ)
1/3l4/3s D˜µX˜
ID˜νX˜
JδIJ ,
(2.16)
where we introduced auxiliary field CµI that renders X˜
I
+ non-dynamical.
5This is true up to total derivative term since
R
d3ξǫµνρ∂µX˜F˜νρ =
R
d3ξ∂µ[ǫ
µνρX˜F˜νρ] −R
d3ξX˜∂µ(ǫ
µνρ
F˜νρ) =
R
d3ξ∂(. . .).
– 5 –
Let us now analyze some properties of the action (2.16). We are mainly interested
in the study of the ground state of this theory that has to solve the equations of motion
that follow from the action (2.16). We presume that the ground state is characterized by
following configuration of the world-volume fields
X˜8+ = v = const , D˜µX˜
I = 0 , B˜µ = 0 , F˜µν = 0 . (2.17)
Firstly, the equation of motion for CµI takes the form
∂µX˜
I
+ = 0 (2.18)
that is clearly obeyed by the ansatz (2.17). On the other hand the equation of motion for
XI+ takes the form
− 1
2
δAµν
δXI+
(
A−1
)νµ√− detA− ǫµνρ 1
2l
1/2
s (XI+X
J
+δIJ)
3/2
∂µX˜F˜νρ = 0 .
(2.19)
Since for the ansatz (2.17) the matrix Aµν is equal to
Aµν =
1
l
8/3
s v4/3
ηµν (2.20)
the equation (2.19) implies
1
v3
= 0 . (2.21)
In other words the ground state corresponds to the point v → ∞ that implies that there
is unique ground state of the theory. As we argued in introduction this is not the same
what we want since we would like to have a theory with infinite number of ground states
that differ by vacuum expectation values of X˜+. In order to find solution of this problem
we suggest an alternative procedure how to introduce XI+ as a new dynamical variable. In
the next section we present such an alternative procedure that is based on the fact that
the action (2.6) can be considered as dimensional reduction of massive M2-brane.
3. Gauged Theory for M2-brane
Let us again consider the action (2.6) and determine the equations of motion for Vµ
πmα′ǫµνρ(∂νVρ − ∂ρVµ) + ǫµνρ(∂νBρ − ∂ρBν) = 0 . (3.1)
Inserting (3.1) back to (2.6) we obtain the action in the form
S = −τM2
∫
d3ξ
√
− det(e−2/3Φgµν + e4/3ΦFµFν) +
+
τM2
6
∫
d3ξǫµνρ(C(3)µνρ − 3DµXB(1)νρ +
6
m
Bµ∂νBρ) .
(3.2)
– 6 –
As was shown in [93] (and reviewed in appendix A) this action is very close to the action
that one gets by direct dimensional reduction of the massive M2-brane that is also known
as gauged M2-brane action. This action can be defined in the background with Killing
vector isometry kˆM (Xˆ). Then the gauged M2-bane action takes the form [93]
S = −τM2
∫
d3ξ
√
− detDµXˆMDνXˆN gˆMN +
+ τM2
∫
d3ξǫµνρ[DµXˆ
MDνXˆ
NDρXˆ
KCˆMNK − 6
m
Bµ∂νBρ] ,
(3.3)
where the covariant derivative Dµ is defined as
DµXˆ
M = ∂µXˆ
M +Bµkˆ
M (Xˆ) , (3.4)
where Bµ is world-volume gauge field related to the Killing gauge isometry. To clarify
meaning of this gauged form of the action let us consider following transformation
δηXˆ
M (ξ) = Xˆ ′M (ξ)− XˆM (ξ) = η(ξ)kˆM (Xˆ) , (3.5)
where η(ξ) is a parameter of gauge transformations. This transformation immediately
implies following transformation rules of background fields
δη gˆMN = ηkˆ
K∂K gˆMN , δηCˆKMN = ηkˆ
L∂LCˆKMN , δη kˆ
K = ηkˆL∂Lkˆ
K
(3.6)
and transformation of covariant derivative
δηDµXˆ
M = ηDµXˆ
L∂Lkˆ
M , (3.7)
where we postulate following transformation rule for gauge field Bµ
δBµ = −∂µη . (3.8)
Then
δ(DµXˆ
MDνXˆ
N gˆMN ) = ηDµXˆ
M (∂M kˆ
LgˆLN + gˆML∂N kˆ
L + ∂LgˆMN )DνXˆ
N = 0
(3.9)
since
LkˆgˆMN = 0 . (3.10)
In the same way we obtain that
δη(DµXˆ
MDνXˆ
NDρXˆ
KCˆMNK) = 0 , LkˆCˆMNK = 0 (3.11)
hence we see that the action is invariant under transformations (3.5) and (3.6).
Having clarified the fact that the D2-brane action (2.6) is related to the gauged
M2-brane action we now introduce modified EMP procedure to the action (3.3). As
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the first step in our construction we will presume an existence of adapted system of
coordinates where kˆM = const. This is always possible to achieve in flat background
gˆMN = ηMN , CˆMNK = 0. Further, in analogy with EMP prescription, we replace constant
kˆM with dynamical field XˆM+ and add to the action term
1
2C
µ
M∂µXˆ
M
+ to render this field
non-dynamical.
Further we rewrite the Wess-Zumino term in (3.3) as
πα′ǫµνρBµFνρ + (πα′)2mǫµνρVµ∂νVρ . (3.12)
In fact it is easy to see that now the equation of motion for Vµ that follow from (3.12)
implies
1
mπα′
(∂µBν − ∂νBµ) = −(∂µVν − ∂νVµ) (3.13)
and hence when we insert it back to (3.12) we obtain the last term in (3.3). Note also that
this expression is invariant under η transformations (up to total derivative) since
δ(ǫµνρBµFνρ) = ǫµνρ∂µηFνρ = −ηǫµνρ∂µ∂νAρ + ηǫµνρ∂µ∂ρAν = 0 . (3.14)
In summary we derive the action in the form
S = −τM2
∫
d3ξ[
√
− detGµν + 1
2
√
− detGµνCNν ηNM
(G−1)νµ ∂µXˆM+ +
+
τM2
3!
∫
d3ξǫµνρ[6πα′BµFνρ + 6m(πα′)2Vµ∂νVρ] ,
(3.15)
where we added term 12C
M
µ
(G−1)µν ηMN∂νXˆN+ that renders XˆM+ constant on-shell and
where we also introduced ”generalized metric” Gµν
Gµν = (∂µXˆM +BµXˆM+ )ηMN (∂νXˆN +BνXˆN+ ) . (3.16)
Following [46] we introduce field XˆM− and add to the action an expression
1
2
√− detG∂µX˜M− ηMN
(G−1)µν ∂νX˜N+
in order the action will be invariant under additional shift symmetry
δCMµ = ∂µλ
M , δXˆM− = λ
M . (3.17)
Then the final form of the action takes the form
S = −τM2
∫
d3ξ
√
− detGµν (1+
+
1
2
(CMµ − ∂µXˆM− )ηMN
(G−1)µν ∂νXˆM+
)
+
+
τM2
3!
∫
d3ξǫµνρ[6πα′BµFνρ + 6m(πα′)2Vµ∂νVρ]
(3.18)
– 8 –
Note also that in order to achieve that XˆM+ is constant on-shell and that the action possesses
additional shift symmetry we can consider more general form of the action
S = −τM2
∫
d3ξ
√− detGµν
√
1 + (CMµ − ∂µXˆM− )ηMN (G−1)µν ∂νXˆN+ −
− τM2
3!
∫
d3ξǫµνρ[6πα′BµFνρ + 6m(πα′)2Vµ∂νVρ]
(3.19)
that can be finally written in a suggestive form as
S = −τM2
∫
d3ξ
√− detAµν −
− τM2
3!
∫
d3ξǫµνρ[6πα′BµFνρ + 6m(πα′)2Vµ∂νVρ]
Aµν = Gµν + (CMµ − ∂µXˆM− )ηMN∂νXˆN+ .
(3.20)
Let us now study properties of the action (3.20). Clearly it is invariant under shift symmetry
(3.17). Further, the variation of this action with respect to CMµ implies
ηNM∂νXˆ
M
+
(
A−1
)νµ√− detA = 0 (3.21)
that implies ∂νXˆ
M
+ = 0. Let us again presume the ground state of the theory in the form
Bµ = Xˆ
M
− = C
M
µ = Vµ = 0 , Xˆ
M
+ = v
M . (3.22)
It is easy to see that the equations of motion for XˆM , Bµ, C
M
µ and Xˆ
M
− are obeyed for this
ansatz. Finally, the problematic equation of motion for XˆM+ takes the form
BµηMN (∂νXˆ
N +BνXˆ
N
+ )
(
A−1
)νµ√− detA+
+
1
2
∂µ[ηMN∂νXˆ
N
−
(
A−1
)νµ√− detA] = 0
(3.23)
that is clearly solved by (3.22) for any vM . Finally, let us impose the static gauge in the
following form
Xˆµ = ξµ , µ , ν = 0, 1, 2
Cνµ = 0 , Xˆ
µ
+ = Xˆ
µ
− = 0
(3.24)
so that the matrix Aµν takes the form
Aµν = ηµν + (∂µXˆ
I +BµXˆ
I
+)(∂νXˆ
J +BνXˆ
J
+)δIJ +
+ (CIµ − ∂µXˆI−)δIJ∂νXˆJ+ , I, J = 1, . . . , 8 .
(3.25)
– 9 –
Then the action up to quadratic approximation can be written as
S = −τM2
∫
d3ξ
√−η − τM2
∫
d3ξ
√
− det ηL , (3.26)
where the Lagrangian density takes the form
L = 1
2
ηµν(∂µXˆ
I +BµXˆ
I
+)δIJ(∂νXˆ
J +BνXˆ
J
+)δIJ +
+
1
2
ηµν(CIµ − ∂µXˆI−)∂νXˆJ+δIJ −
− ǫµνρ(πα′BµFνρ +m(πα′)2Vµ∂νVρ) .
(3.27)
that is again very close to the abelian form of the action given in [46] and provides further
support of our construction.
4. Conclusion
Let us summarize our results. We studied EMP procedure for Dirac-Born-Infeld action
for D2-brane and we found its limitation. Then we suggested an alternative form of this
procedure that is based on a formulation of gauged M2-brane action. This fact however
implies that the theory should be defined in background with non-zero mass parameter
m and this observation certainly deserves better understanding and more detailed study.
Further, it would be also interesting to develop BRST Hamiltonian treatment of the action
(3.20) and compare it with the similar analysis that was given in [24]. Finally, it will be
extremely interesting to see whether there exists an non-abelian extension of the action
(3.20). We hope to return to these problems in future.
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A. Direct Dimensional Reduction for Massive M2-brane
In this appendix we show that the gauged M2-brane action upon direct dimensional re-
duction in the direction X associated to the gauged isometry reduces to the action (3.2).
To begin with we choose coordinates that are adapted to the isometry so that kˆM = δMx
and we split eleven coordinates XˆM into the ten 10-dimensional Xm,m = 0, . . . , 9 and the
extra scalar Xˆx ≡ X. Using the relations between the 11-dimensional and 10-dimensional
fields
gˆxx = e
4
3
Φ , gˆmx = e
4
3
ΦC(1)m ,
gˆmn = e
−
2
3
Φgmn + e
4
3
ΦC(1)m C
(1)
n ,
Cˆmnk = C
(3)
mnk , Cˆmnx = Bmn
(A.1)
– 10 –
it is straightforward to see that
Aµν = e
−
2
3
Φ∂µX
m∂νX
ngmn + e
4
3
Φ(∂µX +Bµ + C
(1)
µ )(∂νX +Bν + C
(1)
ν ) . (A.2)
Then if we insert (A.2) together with (A.1) into the action (3.3) we easily obtain that it
reduces to the action (3.2).
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